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Abstract-The paper treats non-steady heat conduction, normally through a parallel-sided slab and 
radially through a cylinder when the rear-side of the slab, or outside of the cylinder, is perfectly insulated, 
and when the front-side of the slab, or inside of the cylinder, is subjected to a flowing vapour whose 
pressure, temperature, and mass flow rate vary with time in some prescribed manner. The problem is 
typical of starting conditions for steam turbines. Formulae are assumed for the vapour-side coefficients 
(both with and without condensation), and finite-difference approximations are used to obtain solutions 
to the conduction problem. 

Certain questions are raised concerning the applicability of the extant vapour-side coeffkients, which 
have been derived empirically under steady-state, one-dimensional conditions, for the solution of 

non-steady heat conduction problems of the type under consideration. 

NOMENCLATURE 

specific heat of solid [Btu/(lb degF)] ; 
specific heat of steam at constant pres- 
sure [Btu/(lb degF)] ; 

edat . 
= T, - To’ 

diameter of heated wall surface [ft] ; 
= w/s; 
q/(T, - T,), heat-transfer coefficient for 
forced convection [Btu/(h ft2 degF)] ; 
q/(T,, - T,), heat-transfer coefficient for 
film-type condensation [Btu/(h ft2 deg 

F)] ; 

2Ax.L h in Cartesian co- 
7’ f? ordinates; 

= 

I 

2hR’ri. h in cylindrical co- 

k ” ordinates; 

thermal conductivity of solid [Btu/(h ft 
degF)] ; 
total distance over which heat flow in 
the solid takes place [ft] ; 

ri, 
r 
d: 

RiT 
L 
s, 
T, 
T GY 

T,, 

T,, 

T SOY 

t’, 

t, 

W, 

steam pressure [lbf/in2, absolute] ; 
heat flow [Btu/(h ft’)] ; 
radial distance measured in the direc- 
tion of heat flow [ft] ; 
radius of inner, heated surface [ft] ; 
radius of outer, insulated surface [ft] ; 
= rlri; 
= 1; 
= re/ri; 
= ~0~14; 
temperature [degF] ; 
ambient steam temperature [degF] ; 
initial temperature of solid at zero time 

CdegFl ; 
heated surface temperature [degF] ; 
saturation temperature [degF] ; 
time [h]; 

r 

t’/(pcJk)C, non;dimensional time 
in Cartesian co-ordinates ; 

= t’/(pcJk)$, non-dimensional time 
‘in cylindrical co-ordinates ; 

mass flow of steam [lb/h] ; 
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X’, distance measured in the direction of 
heat flow [ft]; 

X, = xl/L. 

Greek symbols 
At/(Ax)2, in Cartesian co-ordinates; 

= At/(AR)2, in cylindrical co-ordin- 
ates ; 

non-dimensional finite-difference net 
width ; 
finite-difference net width in non-dimen- 
sional time ; 
non-dimensional finite-difference net 
width ; 
density of the solid [lb/ft3] ; 

T - To 

= T, - To’ 
non-dimensional temperature, in which 
the first subscript j denotes the geometric 
location and the second subscript t 
denotes the time location on the finite- 
difference network. 

INTRODUCTION 

DURING the periods of heating and cooling of 
steam turbine components, which occur when 
the procedures for start-up and shut-down are 
in operation, time-dependent temperature vari- 
ations take place with accompanying tempera- 
ture gradients throughout the body metal. These 
gradients can induce stresses and strains which 
are significant for the strength, deformation, and 
life of the turbine. 

This problem is essentially one of non-steady 
transfer of heat from the ambient steam td the 
metal component under consideration when the 
steam has the time-dependent characteristics of 
temperature, pressure, and mass flow. 

The mechanism of heat transfer from vapour 
to metal is usually envisaged as consisting of: 
(i) the transfer of heat from the vapour to the 
metal surface which is in contact therewith; 
(ii) the conduction of heat through the metal. 
The available information concerning the 
vapour-side transfer of heat is largely experi- 

mental in origin, and is expressed by Newton’s 
formula : 

q = h(T, - Ts). 

This formula is used as a boundary condition in 
mathematical formulations. 

In cases of condensation and forced convec- 
tion, the unit surface conductance, or heat- 
transfer coefficient, h takes on complicated 
forms which embody non-linear characteristics, 
such as vapour-side surface temperature; com- 
ponent geometry; mass flow, pressure, and 
temperature of the vapour ; and when conden- 
sation prevails, on characteristics of the con- 
densate lihn or droplets. A wide variety of such 
forms are presented in, for example, reference [ 11. 

In the non-steady heat-transfer problem, in 
which the vapour characteristics have given 
time-dependent variations, it follows that the 
coefficient h (now denoted by h,) will also be 
time-dependent. Thus, the analysis of the con- 
duction of heat through the metal will be 
governed by the coefficient h, and by the metal 
component characteristics, and will require the 
determination of consistent values of h, at all 
times during the period of non-steady transfer 
of heat from the vapour. Once values of h, are 
known, the temperature gradients and their 
time-history can readily be evaluated throughout 
the metal. 

In the work to follow the term “heat-transfer 
coefficient” is intended to signify the coefficient 
h, as discussed in the foregoing remarks. 

Due to the arbitrary nature of the given vapour 
characteristics in so far as mathematical des- 
cription thereof is concerned, the analysis of the 
non-steady heat conduction problem must take 
the form of numerical approximations. 

PURPOSE OF ANALYSIS 

The purpose of the analysis to follow is to 
provide a numerical method of determining the 
non-steady temperature gradients through the 
metal of typical steam turbine components 
during periods of start-up. To accomplish this, 
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it is necessary to account for the time variation 
of the heat-transfer coefficient h,, as described 
in the Introduction. It is also required to deter- 
mine when the heat-transfer process changes 
from one type of mechanism to another, e.g. 
from condensation to forced convection. 

Lacking other information, the empirical 
formulae for the transfer of heat from the steam 
to the metal, as available in the literature (cf. 
[l]), will be used for the purpose, although these 
formulae have been devised basically for heat 
transfer in one dimension and under steady-state 
conditions. These aspects of the problem will be 
discussed later. 

METHOD OF ANALYSIS 

Because the available information on heat 
transfer is mainly confined to heat flow in one 
spatial dimension, the geometric types of com- 
ponent which can be used to illustrate. the 
method of analysis must be limited. For present 
purposes, the analysis to follow will be confined 
to the geometric forms of cylinder and slab, for 
which a differential equation formulation is 
appropriate, and in which the boundary con- 
ditions for the metal components comprise heat 
input from the vapour-side, in accordance with 
Newton’s formula, and complete insulation at 
the outside surface. The Fourier Heat Conduc- 
tion equation, reduced appropriately for heat 
flow in one dimension, together with the appro- 
priate boundary conditions, can be expressed in 
the following non-dimensional forms : 
In Cartesian co-ordinates, 

824 
ax2 = s + c,(p 

wo, t) 
ax = T [qb(O, t) 

aw, t) o 
-= 

ax 

4(x, 0) = 0. 

In cylindrical co-ordinates, 

g+;g=g+c&fJ 
aa t) 

aR 
= F [4(1, tl 

= o 

4(&O) = 0. 

- 11 
’ (2) 

These equations are approximated to by a 
tinite-difference network of rectangular meshes 
the length of one side of which equals the non- 
dimensional time interval At and that of the 
other side equals the non-dimensional spatial 
interval Ax or AR. By increasing the spatial 
interval so that it is equal to the whole distance 
between the heated and insulated boundary 
surfaces, expressions can readily be derived 
which give explicitly non-dimensional tempera- 
tures 4 at these two surfaces. In spite of the 
coarseness of this network, the surface tem- 
peratures calculated therefrom would seem to 
be adequate for evaluating the required heat- 
transfer coefficients. 

Having obtained the transfer coefficients in 
this manner, they can be introduced into the 
boundary conditions of a standard numerical 
computation, with a suitable number of mesh 
points arranged internally throughout the metal 
thickness, and based on the Fourier equation. 
From this computation the heated and insulated 
surface temperatures in particular will have been 
obtained, so that a check on the values of the 
heat-transfer coefficients originally estimated 
can be made by comparing the two sets of 
surface temperatures. This comparison will indi- 
cate whether or not a further iteration is 
required. 

The governing equations (1) and (2), being of 
the parabolic type, can give rise to unstable 
numerical computations when approximated by 
finite-differences. Suitable finite-difference forms 
which mitigate this instability are given in the 
literature (e.g. [2, 31). Their application to 
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systems (1) and (2) using an “explicit-implicit” 
form gives the networks and approximations 
summarized in Figs. 1 and 2. After insertion of 
the boundary and initial conditions indicated on 
Figs. 1 and 2, the finite-difference expressions 
for the internal equations are applied to a typical 
pivotal point on each of the heated and insulated 
boundaries. Two simultaneous equations arise, 
containing as unknowns two non-dimensional 
temperatures at typical times. The equations are 
resolved to give recurrence formulae for $j, f+ 1 
which can be evaluated explicitly therefrom. 
These recurrence formulae are summarized in 
Table 1. 

The procedure is now to apply the recurrence 
formulae, starting at the first time interval after 
zero. The particular form of heat transfer (e.g. 
forced convection, condensation) at the input 
surface at this time must first be assumed. The 
validity of this assumption can be checked after 
evaluation of the surface temperatures. 

x=2 

Internal Equation 

Mi-1,t+1 - 2(8 + 1) +j,t+r + Bdj+r.r+, = 

-S4j-,,f + 2(P - 1 + Ct. At) dj,t - P#j+l,t 
Heated Surface Boundary 

4- 1.f = 41.r + W' - 40.1) 

Insulated Surface Boundary 

421 = 4o.t 

Initial Condition 

dj,o = 0 

FIG. 1. Finite-difference network and approximations in 
Cartesian co-ordinates. 

Internal Equation 

B+i-l.r+l - 2(8 + I) +j,r+l + S4j+l,t+l 

Heated Surface Boundary 

4(2-RJf = 4Rdr + 4U - 4l.f) 

Insulated Surface Boundary 

4(2Ra-l).t = 41.r 

Initial Condition 

0 0 R.0 = 
FIG. 2. Finite-difference network and approximations in 

cylindrical co-ordinates. 

In the case of film-type condensation, for 
example, the heat-transfer coefficient is a non- 
linear function of surface temperature. However, 
the surface temperature cannot be determined 
without knowing the values of the transfer 
coefficients. In order to overcome this difficulty. 
a suitable range of surface temperature Ts is 
assumed. For several values of Ts within the 
range, +-values at the heated surface are cal- 
culated using the expression 

Also, values of h, are calculated from the selected 
transfer formula for film condensation, using the 
assumed values of Tp Note that h, may be 
defined in terms of saturation temperature T,, 
so that h, must be converted, for consistency, 
into terms of steam ambient temperature T,. 
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Thus, by equating heat-flow rates, 

Ts, - Ts 
h, = h, ___- 

G - Ts 
The h,-values so obtained are re-expressed as To illustrate the calculation procedure, the 

H,-values and inserted into the recurrence case of a circular tube of uniform wall thickness 
formulae from which is calculated a second set is analysed under cold start transient conditions. 
of &values. Both sets of &values can be plotted These conditions comprise at zero time station- 
against T,, and the intersection of the two curves ary steam at 450°F and a uniform temperature 
gives the required values of T,, and hence of 4, of 70°F throughout the metal. The steam is 
at both boundary surfaces, together with the assumed to have a single component of flow 
corresponding value of H,. The value of Ts so inside the tube in the axial direction, and the 
obtained is compared with the saturation tem- steam conditions are assumed to be uniform 
perature T,, of the steam at the corresponding over the tube inside-wall surface and to have 
time t to confirm whether or not the assumption characteristics with the time histories given in 
of a condensation condition was correct, i.e. Fig. 3. The outside surface of the tube is taken 
T,, > T, gives condensation. If this assumption to be completely insulated. The forms of heat 
is incorrect, then h, must be re-evaluated at this transfer from steam to tube are taken as lilm- 
time from the selected formula for the alternative type condensation and forced convection. 
heat-transfer mechanism envisaged as appro- All quantities are expressed in the units: lb, 
priate for the case under analysis. ft, h, degF. Btu. 

At subsequent time intervals, this calculation 
procedure is repeated, using the appropriate 
parameters evaluated at the previous time 
interval, and so on. 

In general, although attention has been focus- 
sed particularly on film condensation and forced 
convection processes, nevertheless given sufli- 
cient experimental and other information, other 
types of heat transfer, such as drop-wise con- 
densation. boiling. natural convection, radiation, 

Cylinder characteristics : 

ri = 1.979 Ri = 1 
= 2.292 

I;; = 3.958 
R, = 1.1579 
AR = 0.1579 

S = 12.3 P = 488.9 
To = 70 c, = 0.11 
k = 18.2 
t = t’,‘11.6 H, = O.O344h, 

C, values : 

can be incorporated in the method with appro- 
priate adjustments to the procedure. 

NUMERICAL EXAMPLE 

Time r’, h 

FIG. 3. Time-histories of steam conditions for numerical example 
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To simplify calculations the following mean following expression for h, is used in the cal- 

values of C, are used : culations : 

h, = 0.02525C,G0’8/D0’2. 
Range of t C* 

0.0862 0.740 
0*0862+2430 2.500 
0.2430-043 10 2,350 

Time intervals AC used in the calculation 

Range oft At 

Heat-transfer coefficient formulae : 
For film-type condensation, formula (13-12)* 

of reference [l] is used and re-expressed in the 
following form : 

CM*020 
@02&0~100 
0.100 onwards 

0.005 
0.010 
0.040 

h, = 0.725($,)* . (a/)*, 

where: I+JQ~ = y; 

Uf 
- Apu, . 

D.AT’ 

k, is thermal conductivity of conden- 
sate [Btu/(h ft degF)] ; 

pf is density of condensate film [lb/ft “I; 
pL/ is absolute viscosity of condensate 

film [lb/(h ft)]; 
1 is enthalpy change [Btu/lb] ; 
AT = T,, - Ts ; 
g = 4.17 x lo8 [ft/h*]; 

and quantities are evaluated at temperature 
T, = 0.25 T,, + 0.75Ts. 

For forced convection, formulae (9-15)* and 
(9-13)* [l] are used as follows : 

The evaluation from the above data of heat- 
transfer coefficients h,, together with inside and 
outside surface temperatures, was performed by 
desk calculation. A computer calculation was 
also arranged to incorporate these h,-values, 
and to have a mesh network with ten intervals 
through the wall thickness of the tube and to 
print out temperatures at all mesh points at 
time intervals of t = 0.005 (t’ = 0.058 h). As a 
check on these results. the surface temperatures 
obtained in the process of calculating h,-values 
are compared with the surface temperatures 
from the computer results, and plotted on Fig. 4 
and 5. These graphs show a good correlation 
of temperatures and indicate that the values of 
heat-transfer coefficients as calculated by the 
approximate procedure presented here give 
reasonable results even without a second 
iteration. 

h, = 0~0144CSGo’*/Do’*, 

h,/h, = 1 + (D/LT)o’7, 

where: h, is at large values of L,/D; 
L, is heated length of tube. 

In the present case, the Reynolds numbers 
for the tube after the time anticipated for dry- 
wall conditions to prevail increase from approxi- 
mately 50000, so that turbulent flow is well- 
developed. To account for this condition the 

An examination of the curve of Fig. 4 indi- 
cates that the time rate of heated surface tem- 
perature tends to drop as time t’ approaches 
1 h, but that after load increases again. Values of 
h, and consequently surface temperature, de- 
pend upon the steam saturation temperature 
T,, which in turn is governed by the pressure p. 
The term tjj in the expression for h, for example, 
has a reducing rate of increase with time before 
the “start of load” because the time rate of 
increase in T,, drops for the given constant 
time rate of pressure p. After the start of load, 
the time rate of the given pressure is increased 
so that the time rate of +f increases also. But 
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I I I 1 

I 2 3 4 

Time t: h 

FIG. 4. Heated surface temperatures for numerical example. 

Time t: h 

FIG. 5. Insulated surface temperatures for numerjcal example. 

later, II/* approaches its maximum value at 
T sv 3 450°F and drops thereafter. This reduc- 
tion in +$ occurs in the present example after 
t’ * 1.7 h and leads eventually to dry-wall 
conditions. 

and no information was available on radiation 
at high steam pressures. Consequently, these 
effects were not explored. 

DISCUSSION 

It is likely that heat transfer by radiation from Several questions are implied by the fore- 

the steam will be significant at the higher tem- going work. The analysis as presented applies, 
peratures of thjs example. However, the lacking other information, the types of one- 
accompanying steam pressures are also high, dimensional steady-state heat-transfer formulae 



HEAT TRANSFER TO THICK METAL WALLS 565 

as available in the literature, to the transfer of 
heat from the steam through thick metal 
components under transient conditions. 

Although the present method does account 
for heat conduction through the metal in 
determining magnitudes of the transfer co- 
efficients, particularly under conditions like 
condensation, the question may still be valid as 
to whether the heat rates through the metal 
would modify the form and variation of the 
empirical transfer formula itself. For example, 
would the same transfer formula be applicable 
to several tubes all with the same inside dia- 
meter and subjected to the same steam con- 
ditions, steady-state or transient, but with 
differing outside diameters? 

The type of heat-transfer problem considered 
in this paper involves wide ranges of pressure, 
temperature, and mass flow. It may well be that, 
as a consequence, a corresponding extension of 
the range of applicability of the available heat- 
transfer formulae of the types already discussed 
is required to meet these conditions. 

In practical design cases the geometries of 
turbine components are usually unsymmetrical 

or complicated in shape, and steam conditions 
vary spatially on heat input surfaces. The 
question then arises as to the validity of using 
the existing one-dimensional heat-transfer for- 
mulae for multi-dimensional configurations. 

In general, from a practical standpoint these 
questions would be resolved if it could be 
shown that no significant errors would arise 
from the calculation of thermal stresses and 
strains based on the usual empirical, one- 
dimensional, steady-state heat-transfer formulae. 
As far as is known, no information has been 
published to elucidate these problems. 
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RsL’article traite de la conduction de la chaleur instationnaire, perpendiculairement a une.plaque 
a faces parall&es et radialement a travers un cylindre lorsque la face arriere de la plaque ou l’extbrieur 
du cylindre est parfaitement isole et lorsque la face avant de la plaque ou l’inttrieur du cylindre est soumis 
a un 6coulement de vapeur dont la pression, la temperature et le debit massique varie au cours du temps 
dune facon imposee. Le problemme correspond aux. conditions de demarrage pour les turbines a vapeur. 
On a choisi da formules pour les coefficients du c&e de la vapeur (a la fois avec et sans condensation), 
et l’on emploie les approximations de differences finies pour obtenir lea solutions du problemme de 
conduction. 

Certaines questions se posent a propos de l’applicabilitt des coefficients encore existants du c&e de la 
vapeur, gui ont et& obtenus empiriquement avec des conditions stationnaires et unidimensionnelles, pour 

rtsoudre les problemes de conduction de la chaleur non-stationnaires du type envisage. 

Zrssanunenfasaung-Die Arbeit behandelt die instationlre Warmeleitung quer in einem parallelseitigen 
Stab und radial in einem Zylinder, wobei das Ende des Stabes oder die Aussenseite des Zylinders perfekt 
isoliert sind und die Stirnseite des Stabes und die Innenseite des Zylinders einer Dampfstromung ausgesetzt 
sind, deren Druck, Temperatur und Drucksatz in vorgeschriebener Weise mit der Zeit verlnderlich sind. 
Das Probelm ist charakteristisch fur die Anlaufbedingungen von Dampfturbinen. Fiir die Koeffizienten 
auf der Dampfseite werden Formeln angenommen (sowohl mit als such ohne Kondensation) und 
Naherungen mit endlichen Differenzen werden beniitzt urn Losungen des Leitungsproblems zu erhalten. 

Einige Fragen wurden aufgeworfen iiber die Anwendbarkeit der dampfseitigen Koeffizienten, die 
empirisch unter stationaren, eindimensionalen Bedingungen erhalten wurden und hier zur Losung 

instationlrer Wlrmeleitprobleme dienen sollen. 
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AauoTaqm-B cTaTbe paccMaTpasaeTcH HecTaqwoHapHbdl nposecc nepeaaw Tenna Temo- 

IIpOBO~HOCTbIO BHa~paBJleHHH,IleplleH~~KyJlffpHOM IlJlaCTIiHeCIIapaJIJleJlbHbIMIl CTOpOHaMM, 

II PaAIlanbHO Yepe3 UIlJlHHAp, KOrAa 3allHRR CTeHKa IIJIaCTklHbI MJlll Hapy?KHaH IlOBepXHOCTb 

L{IlJIllHApa XOpOrUO K3OJILfpOBaKbI, a IIepeAHRFI CTeHKa IIJIaCTMHbI WIM BHyTpelIHFIX IIOBepX- 

HOCTb IJIIJIHH~pa nOABepl'aIOTCFI Aei-iCTBHlO IIOTOKa napa,AaBJIeHHe,TeMIlepaTypa Ei MaCCOBbIfi 

pacxoa ~0T0p0r0 ti3rdewmTc~ co npeMeee* no 3apaHee 3aAaHHoMy3aKoHy. 3a~aqawmwa 

AJIH peNlMa 3aIIyCKa IIapOBbIX Typ68~. npexJIaralOTCH IjjOpMyJIbI AJIR K03I#~MqHeHTOB 

TellJIOO6MeHa MeWAy IIapOM PI IIOBepXHOCTbIO CTeHKH (KaK ,F,Jlll CJIyqaR KOHAeKCa~IIM, TaK H 

6e3 KeG). Ann nonyqeHm pemeH& 3aAasa TennonpoBo~riocTti ncno~b3ytoTcn anrrpottcw 

MarlMIi KOHe4HbIX pa3HOCTefi. 

PaCCMElTpSiBaIOTCH BOlIpOCbI IIpMMeHIlMOCTil yKa3aHHbIX KO3I#@iqtfeHTOB, BbIBeAeHHbIX 

3MIIMpIWeCKM IlpH yCTaHOBIIBIIIHXCH OAHOMepHbIX yCJlOBMRX, AJIH peUIeHItJ4 PaCCMaTpItBae- 

MOrO THIla 3aAaq HeCTaYWOHapHOfi TetIJIOllpOBO~HOCTkl. 


